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Abstract
A discrete space-filling curve provides a linear traversal or indexing of a multi-dimensional grid space. This paper presents
two analytical studies on clustering analyses of the 2-dimensional Hilbert and z-order curve families. The underlying
measure is the mean number of cluster over all identically shaped subgrids. We derive the exact formulas for the clustering
statistics for the 2-dimensional Hilbert and z-order curve families. The two exact analytical results yield: (1) a comparison of
their relative performances with respect to this measure: when the grid-order is sufficiently larger than the subgrid-order
(typical scenario for most applications), Hilbert curve family performs significantly better than z-order curve family, and
(2) good agreements with asymptotic analyses of continuous space-filling curves and of (non-continuous) z-order curve in
the literature.
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Preliminaries

Discrete space-filling curves have a wide range of applica-
tions in databases, parallel computation, algorithms, in
which linearization techniques of multi-dimensional arrays
or computational grids are needed. Sample applications
include heuristics for combinatorial algorithms and data
structures: traveling salesperson algorithm [22] and nearest-
neighbor finding [6], multi-dimensional space-filling
indexing methods [2, 5, 11, 17], image compression [18],
dynamic unstructured mesh partitioning [15], and lin-
earization and traversal of sensor networks [4, 24]. Some
recent diverse applications of space-filling curves extend to
statistical sampling [13] and bioinformatics [16]. For a

comprehensive historical development of classical space-
filling curves, see [3, 23].

For positive integer n, denote ½n� ¼ f1; 2; . . .; ng: An m-
dimensional (discrete) space-filling curve of length nm is a
bijective mapping C : ½nm� ! ½n�m; thus providing a linear
indexing/traversal or total ordering of the grid points in ½n�m:
An m-dimensional grid is said to be of order k if it has side-
length n ¼ 2k ; a space-filling curve has order k if its
codomain is a grid of order k. An m-dimensional space-
filling curve C is continuous if the Euclidean distance
between C(i) and Cðiþ 1Þ is 1 for all i 2 ½nm � 1�: The
generation of a sequence of multi-dimensional space-filling
curves of successive orders usually follows a recursive
framework (on the dimensionality and order), which results
in a few classical families, such as Gray-coded curves,
Hilbert curves, Peano curves, and z-order curves (see, for
examples, [1, 20]).

Denote by Hm
k and Zm

k an m-dimensional Hilbert and z-
order, respectively, space-filling curve of order k. Figure 1
illustrates the recursive constructions of Hm

k and Zm
k for

m ¼ 2 and k ¼ 1; 2; and m ¼ 3 and k ¼ 1:
We measure the applicability of a family of space-filling

curves based on their common structural characteristics:
clustering, inter-clustering, and locality, which are infor-
mally described as follows. Clustering performance mea-
sures the distribution of continuous runs of grid points
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(clusters) over identically shaped subspaces of ½n�m; which
can be characterized by the mean number of clusters and the
average inter-cluster distance (in ½nm�) within a subspace.
Locality preservation reflects proximity between the grid
points of ½n�m; that is, close-by points in ½n�m are mapped to
close-by indices/numbers in ½nm�; or vice versa.

For an m-dimensional space-filling curve C : ½nm� !
½n�m and a subgrid G of ½n�m; a cluster of G induced by C is
a maximal contiguous subinterval I of ½nm� such that CðIÞ �
G: We can partition and order C�1ðGÞ into disjoint union of
clusters. An inter-cluster gap of G is a contiguous subin-
terval of ½nm� delimited by two consecutive clusters of G,
and the corresponding inter-cluster distance is the length of
the inter-cluster gap. Thus, the space-filling curve C induces
the following statistics: (1) average clustering: the mean
number of clusters of C�1ðGÞ over all identically shaped
subgrids G of ½n�m; (2) average inter-clustering: the (uni-
verse) mean inter-cluster distance over all inter-cluster gaps
from all identically shaped subgrids G of ½n�m; and (3) av-
erage total inter-clustering: the mean total inter-cluster dis-
tance (in a subgrid) over all identically shaped subgrids G of
½n�m:

Empirical and analytical studies of clustering and inter-
clustering performances of various low-dimensional space-
filling curves have been reported in the literature (see [20]
for details). Generally, the Hilbert and z-order curve families
exhibit good performance in these respects.

Related Work in Clustering, Inter-clustering,
and Locality

Jagadish [14] derives exact formulas for the mean numbers
of clusters over all rectangular 2� 2 and 3� 3 subgrids of
an H2

k -structural grid space. Moon et al. [20] prove that in a
sufficiently large m-dimensional Hm

k -structural grid space,
the asymptotic mean number of clusters over all rectilinear
polyhedral queries with common surface area Sm;k approa-

ches 1
2
Sm;k
m as k approaches 1: They also extend the work in

[14] to obtain the exact formula for the mean number of

clusters over all rectangular 2q � 2q subgrids of an H2
k -

structural grid space.
Xu and Tirthapura [25] generalize the above asymptotic

mean number of clusters over all rectilinear polyhedral
queries with common surface area from m-dimensional
Hilbert curves to arbitrary continuous space-filling curves.
Note that rectangular queries with common volume yield
the optimal asymptotic mean number of clusters for a
continuous space-filling curve.

Dai and Su [7] obtain the exact formulas for the fol-
lowing three statistics for H2

k and Z2
k : (1) the summation of

all inter-cluster distances over all 2q � 2q query subgrids,
(2) the universe mean inter-cluster distance over all inter-
cluster gaps from all 2q � 2q subgrids, and (3) the mean
total inter-cluster distance over all 2q � 2q subgrids. Based
on the analytical results, the asymptotic comparisons indi-
cate that z-order curve family performs better than Hilbert
curve family with respect to the statistics.

A few locality measures have been proposed and ana-
lyzed for space-filling curves in the literature. Denote by d
and dp the Euclidean metric and p-normed metric (recti-
linear (p ¼ 1) and maximum metric (p ¼ 1)), respectively.

Let C denote a family of m-dimensional curves of suc-
cessive orders. For quantifying the proximity preservation
of close-by points in the m-dimensional space ½n�m; Pérez
et al. [21] employ an average locality measure:

LPKKðCÞ ¼
X

i;j2½nm�ji\j

ji� jj
dðCðiÞ;CðjÞÞ for C 2 C;

and provide a hierarchical construction for a 2-dimensional
C with good but suboptimal locality with respect to this
measure.

Mitchison and Durbin [19] use a more restrictive locality
measure parameterized by q:

LMD;qðCÞ ¼
X

i;j2½nm�ji\j and dðCðiÞ;CðjÞÞ¼1

ji� jjq for C 2 C

to study optimal 2-dimensional mappings for q 2 ½0; 1�: For
the case q ¼ 1; the optimal mapping with respect to LMD;1 is
very different from that in [21].

(f)(e)(d)(c)(a) (b)

Fig. 1 Recursive self-similar generations of Hilbert and z-order curves
of higher order (respectively, Hm

k and Zm
k ) by interconnecting

symmetric subcurves, via reflection and/or rotation, of lower order

(respectively, Hm
k�1 and Zm

k�1) along an order-1 subcurve (respectively,
Hm

1 and Zm
1 ): a H2

1 ; b H2
2 ; c H3

1 ; d Z2
1 ; e Z2

2 ; f Z
3
1
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Dai and Su [8] consider a locality measure similar to
LMD;1 conditional on a 1-normed distance of d between
points in ½n�m:
LdðCÞ ¼

X
i;j2½nm�ji\j and d1ðCðiÞ;CðjÞÞ¼d

ji� jj for C 2 C:

They derive exact formulas for Ld for the Hilbert curve
family fHm

k j k ¼ 1; 2; . . .g and z-order curve family fZm
k j

k ¼ 1; 2; . . .g for m ¼ 2 and arbitrary d that is an integral
power of 2, and m ¼ 3 and d ¼ 1: With respect to the
locality measure Ld and for sufficiently large k and d � 2k ;
the z-order curve family performs better than the Hilbert
curve family for m ¼ 2 and over the d-spectrum of integral
powers of 2. When d ¼ 2k ; the domination reverses. The
superiority of the z-order curve family persists but declines
for m ¼ 3 with unit 1-normed distance for Ld:

For measuring the proximity preservation of close-by
points in the indexing space ½nm�; Gotsman and Lindenbaum
[12] consider the following measures for C 2 C:

LGL;minðCÞ ¼ min
i;j2½nm�ji\j

dðCðiÞ;CðjÞÞm
ji� jj ; and

LGL;maxðCÞ ¼ max
i;j2½nm�ji\j

dðCðiÞ;CðjÞÞm
ji� jj :

They show that for arbitrary m-dimensional curve C,

LGL;minðCÞ ¼ Oðn1�mÞ; and

LGL;maxðCÞ[ ð2m � 1Þð1� 1

n
Þm:

For the m-dimensional Hilbert curve family fHm
k j k ¼

1; 2; . . .g; they prove that:

LGL;maxðHm
k Þ� 2mðmþ 3Þm2 :

Alber and Niedermeier [1] generalize LGL;max to LAN;p by
employing the p-normed metric dp in place of the Euclidean
metric d. They improve and extend the above tight bounds
for the 2-dimensional Hilbert curve family to:

LAN;1ðH2
k Þ� 9

3

5
;

6ð1� Oð2�kÞÞ� LAN;2ðH2
k Þ� 6

1

2
; and

6ð1� Oð2�kÞÞ� LAN;1ðH2
k Þ� 6

2

5
:

Dai and Su [9, 10] provide analytical studies on the locality
measure LAN;p for the 2-dimensional Hilbert curve family,
and obtain exact formulas for LAN;pðH2

k Þ for p ¼ 1 and all
reals p� 2: In addition, they identify all the representative
grid-point pairs (which realize LAN;pðH2

k Þ) for p ¼ 1 and all
reals p� 2: A practical implication of their results on
LAN;pðH2

k Þ is that the exact formulas provide good bounds on

measuring the loss in data locality in the index space, while
spatial correlation exists in the 2-dimensional grid space.

The studies of clustering and inter-clustering perfor-
mances for space-filling curves are motivated by the
applicability of multi-dimensional space-filling indexing
methods, in which an m-dimensional data space is mapped
onto a 1-dimensional data space (external storage structure)
by adopting a 1-dimensional indexing method based on an
m-dimensional space-filling curve. The space-filling index
structure can support efficient query processing (such as
range queries) provided that we minimize the average
number of external fetch/seek operations, which is related to
the clustering and inter-clustering statistics. An example
study/application of the optimization of range queries over
space-filling index structures is detailed in [2], which aims
at minimizing the number of seek operations.

This paper presents two analytical studies on the clus-
tering analyses of two representative 2-dimensional space-
filling curve families: Hilbert and z-order. For each studied
space-filling curve family, we derive the exact formulas for
its clustering statistics that includes the mean number of
clusters for the underlying curve family over all identically

shaped rectangular subgrids of ½n�2: Note that our analytical
and combinatorial approach in deriving the clustering
statistics, uniform for both curve-families, are three-fold:
(1) extending the work for the 2-dimensional Hilbert curve
family in [20] while completing the relative-performance
study of the 2-dimensional Hilbert and z-order curve fam-
ilies with respect to the clustering statistics, (2) comple-
menting our earlier analytical and approximation studies [7]
of inter-clustering performances of the 2-dimensional Hil-
bert and z-order curve families, and (3) more importantly,
this common analytical approach provides us a natural
geometric transition in computing the clustering statistics
for their 3- and higher-dimensional curve families.

The computation of the mean-clustering statistics pro-
ceeds to establishing many systems of recurrences and their
closed-form solutions over two geometric regions of 2-di-
mensional Hilbert and z-order curves (boundary edge- and
vertex-regions). For each studied space-filling curve family,
we provide the overall and successive stepwise ideas in
developing the recurrence systems for the boundary edge-
and vertex-regions and the final exact formula for the
desired clustering statistics. Closed-form solutions for most
systems of recurrences in our studies are solved analytically
and/or are computed via the mathematical and analytical
software Maple. Complete detailed formulations of all
recurrence systems, derivations/proofs of their solutions,
and verifying computer programs for Hilbert and z-order
curve families are available from the authors.

Page 3 of 19 8

SN Computer Science



Our Analytical and Combinatorial Approach

For an H2
k - and Z2

k -structural grid spaces, we obtain the
exact formulas for the mean number of clusters over all
rectangular 2q � 2q subspaces by computing the edge cuts
in and between its subgrids that are decomposed recur-
sively. The idea behind this derivation is to count the total
number of edges that are cut by the sides of all possible
identically shaped 2q � 2q subspaces—by noting that the
entry and exit grid points of a cluster connect to grid points
outside of this subspace (two cuts by side(s) of this sub-
space) and every cluster has two cuts by the subspace. A cut
on an edge by a side of a subspace is called an “edge cut”.
We give an overview of the derivation for both curve
families as follows.

1. Compute the number of edges that are cut by the sides
of all possible 2q � 2q subspaces, which are exactly
inside of one of the four quadrants, and the number of
edges cut by the sides of subspaces across different
quadrants, respectively. The number of cuts on edges is
twice the number of clusters over all identically shaped
subspaces.

2. Categorize the edge cuts caused by subspaces across
quadrants into: edge cuts within 2q � 2q corner bound-
aries of the quadrants and within side boundaries (of 2q

rows/columns) of the quadrants. (Note that the edges
that are cut by subspaces across quadrants only in the
boundary regions (sides and corners) of the quadrants.)
By decomposing these corner and side boundaries, we
derive recurrences for each of them:

(a) For edge cuts within one of the four corner
boundaries: edge cuts within upper (left or right)
corner and lower (left or right) corner boundaries
are inter-recurrence related.

(b) For edge cuts within one of the four side
boundaries:

(i) Edge cuts in left boundary (same as right
boundary) consists of substructures of
left boundary, bottom boundary and two
lower-corner boundaries,

(ii) Edge cuts in bottom boundary consists
of substructures of two left boundaries
and two upper-corner boundaries, and

(iii) Edge cuts in the top boundary consists of
substructures of two top boundaries and
two upper-corner boundaries. These
inter-recurrent relations are based upon
the construction of canonical H2

k and Z2
k

(see Fig. 1a, b).

3. After obtaining the numbers of edge cuts in boundaries
that are derived from step 2, we solve the recurrence for
the total number of edge cuts, then divide it by 2 to get
the total number of clusters. To obtain the mean number
of clusters, the total number of clusters needs to be
divided by the total number of subspaces of size 2q �
2q; which is ð2k � 2q þ 1Þ2:

Clustering Statistics of 2-Dimensional Hilbert
Curves

With respect to the canonical orientation of H2
k shown in

Fig. 1a, we cover the 2-dimensional k-order grid with 2k

rows ðRk;1;Rk;2; . . .;Rk;2k Þ; indexed from the bottom, and 2k

columns ðCk;1;Ck;2; . . .;Ck;2k Þ; indexed from the left. We
denote:

1. The x-y coordinate system addressed in our study is the
usual Cartesian x-y coordinate system: horizontal x-axis
and vertical y-axis.

2. The ðþ p
2Þ-rotation and ð� p

2Þ-rotation correspond to the
90	-clockwise rotation from vertical y-axis to horizontal
x-axis and the 90	-counterclockwise from horizontal x-
axis to vertical y-axis, respectively.

3. For a grid point v 2 ½2k �2; its x- and y-coordinate by X
(v) and Y(v), respectively (that is, v is the intersection
grid point of the row Rk;Y ðvÞ and the column Ck;X ðvÞ),

4. For a rectangular query subgrid with its lower-left
corner at grid point (x, y) and upper-right corner at grid
point ðx0; y0Þ ð1� x� x0 � 2k and 1� y� y0 � 2kÞ cov-

ering [x0
a¼xCk;a \ [y0

b¼yRk;b by Gðx; y; x0; y0Þ ð¼ fv 2
½2k �2 j x�X ðvÞ� x0 and y� Y ðvÞ� y0gÞ: The size of
the query subgrid Gðx; y; x0; y0Þ is
ðx0 � xþ 1Þ � ðy0 � yþ 1Þ:

Remark 1 For most self-similar m-dimensional order-k
space-filling curve Cm

k indexing the grid ½2k �m; we can view

Cm
k as a Cm

k�q-curve interconnecting 22ðk�qÞ Cm
q -subcurves

for all q 2 ½k�:
The remark above motivates our analytical study of

clustering performances to be based upon query subgrids of
size 2q � 2q:

For a 2-dimensional order-k Hilbert curve H2
k ; let

Sk;2qðH2
k Þ denote the summation of all numbers of clusters

over all 2q � 2q query subgrids of an H2
k -structural grid

space ½2k �2:

8 Page 4 of 19

SN Computer Science



Remark 2 Within a query subgrid G, the number of clusters
is half of the number of edges of underlying space-filling
curve that are cut by the sides of G.

Denote by �nðC;GÞ the number of edges within C that are
cut by sides of subgrid G (without counting edge(s) con-
necting between C and other subcurves). Remark 2 trans-
lates the computation of the summation of all numbers of
clusters over all identically shaped subgrids G to the com-
putations of 1

2 ð
P

all G �nðC;GÞ þ 2Þ (the contribution of 2 is
the number of cuts for connecting edges of C to other
curves). For 2q � 2q subgrids G, we denote by EqðCÞ all
numbers of clusters over all identically shaped 2q � 2q

subgrids G, which is
P

allG �nðC;GÞ þ 2:

The recursive decomposition of H2
k (see Fig. 1b) gives that:

EqðH2
k Þ ¼ 4EqðH2

k�1Þ þ ek;qðH2
k Þ;

where ek;qðH2
k Þ denotes the summation of all edge cuts over

all identically shaped 2q � 2q query subgrids, each of which
overlaps with more than one quadrant (that is, two or four).
These query subgrids are contained in the boundary regions
of neighboring quadrants as shown in Fig. 2.

Remark 3 For a 2-dimensional Hilbert curve H2
k ; the

connecting edge between Q1ðH2
k Þ and Q2ðH2

k Þ is on the first
column (left-most column), that between Q2ðH2

k Þ and

Q3ðH2
k Þ is on the ð2k�1 þ 1Þ-st row (the lowest row of these

two quadrants), and that between Q3ðH2
k Þ and Q4ðH2

k Þ is on
the 2k-th column (right-most column).

We denote the connecting edge between two quadrants
QiðH2

k Þ andQjðH2
k Þ by a pair ðQiðH2

k Þ;QjðH2
k ÞÞ: The previous

remark tells the locations of the connecting edges. In addition to
the cuts on connecting edges, the computation of ek;qðH2

k Þ is
divided into two parts according to the overlaps of subspaces:

For a 2q � 2q query subgrid G, G overlaps with:

1. exactly QiðH2
k Þ and Qi mod 4þ1ðH2

k Þ;
2. QiðH2

k Þ for all i 2 f1; 2; 3; 4g:
We develop combinatorial lemmas in the following two
subsections to support the computations. We denote by
Gðx; y; x0; y0Þ the query subgrid, in which the lower-left grid
point is (x, y) and the upper-right grid point ðx0; y0Þ:

� �n(H2
k ;GÞ over Subgrids G Overlapping

with Two Quadrants

Consider an arbitrary 2q � 2q query subgrid G that exactly
overlaps two quadrants QiðH2

k Þ and Qi mod 4þ1ðH2
k Þ; where

i 2 f1; 2; 3; 4g: The side-length is from 1 to 2q � 1 for the
side across two quadrants. Since the quadrants are isomor-
phic to a canonical H2

k�1 via symmetry (reflection and
rotation), we consider the following system of summations

Xk;2q ¼ ðXL
k;2q ;X

R
k;2q ;X

B
k;2q ;X

T
k;2qÞ in a general context of a

canonical H2
k :

XL
k;2q ¼

X2q�1

x¼1

X2k�2qþ1

y¼1

�nðH2
k ;Gð1; y; x; yþ 2q � 1ÞÞ

ðfor left boundary; see Fig. 3aÞ;

XR
k;2q ¼

X2k
x¼2k�2qþ2

X2k�2qþ1

y¼1

�nðH2
k ;Gðx; y; 2k ; yþ 2q � 1ÞÞ

ðfor right boundaryÞ;

XB
k;2q ¼

X2k�2qþ1

x¼1

X2q�1

y¼1

�nðH2
k ;Gðx; 1; xþ 2q � 1; yÞÞ

ðfor bottom boundaryÞ;

XT
k;2q ¼

X2k�2qþ1

x¼1

X2k
y¼2k�2qþ2

�nðH2
k ;Gðx; y; xþ 2q � 1; 2kÞÞ

ðfor top boundaryÞ;

N
S
k;2q ¼

X2q�1

x¼1

X2k�2qþ1

y¼1

1

ðfor the number of rectangular subgrids in

a boundary for Xk;2qÞ:

We establish a system of recurrences (in k) for Xk;2q (see
Lemma 4 below). The system of recurrence involves
another system of summations as prerequisites, as demon-
strated in the following example. Consider a recursive

decomposition of XL
k;2q ; illustrated in Fig. 3b, into four

parts: (1) XB
k�1;2q ; (2) Xc4

k�1;2q ; Xc1
k�1;2q ; (3) XL

k�1;2q ; and

(4) the number of cuts on connecting edges. The part
Xc1

k�1;2q (Xc4
k�1;2q ) computes

P
�nðH2

k ;GÞ over all “incom-

plete” rectangular subgrids G (with one side-length at most
2q � 1) overlapping both Q1ðH2

k Þ and Q2ðH2
k Þ: Each of the

three parts XB
k�1;2q ; X

c1
k�1;2q ðXc4

k�1;2qÞ; and XL
k�1;2q is defined

2    −1
q

q
2    −1 

Fig. 2 The boundary regions of neighboring quadrants are organized
into nine regions
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with respect to a canonical H2
k�1: Note that XL

k;2q ¼ XR
k;2q

because of the left-right symmetry property of H2
k :

The recursive decompositions of all four parts in XL
k;2q ;

XR
k;2q ; XB

k;2q ; and XT
k;2q lead us to consider a prerequisite

system of summations Xc
k;2q ¼ ðXc1

k;2q ;X
c2
k;2q ;X

c3
k;2q ;X

c4
k;2qÞ in

a more general context of a canonical H2
k (see Fig. 4):

Xc1
k;2q ¼

X2q�1

x¼1

X2q�1

y¼1

�nðH2
k ;Gð1; 1; x; yÞÞ

(for lower-left corner),

Xc2
k;2q ¼

X2q�1

x¼1

X2k
y¼2k�2qþ2

�nðH2
k ;Gð1; y; x; 2kÞÞ

(for upper-left corner),

Xc3
k;2q ¼

X2k
x¼2k�2qþ2

X2k
y¼2k�2qþ2

�nðH2
k ;Gðx; y; 2k ; 2kÞÞ

(for upper-right corner),

Xc4
k;2q ¼

X2k
x¼2k�2qþ2

X2q�1

y¼1

�nðH2
k ;Gðx; 1; 2k ; yÞÞ

(for lower-right corner),

N
c
k;2q ¼

X2q�1

x¼1

X2q�1

y¼1

1

ðfor the number of incomplete rectangular subgrids in a cornerÞ:

These four summations involve rectangular subgrids con-
tained in ð2q � 1Þ � ð2q � 1Þ corners. Note that Xc1

k;2q ¼

Xc4
k;2q and Xc2

k;2q ¼ Xc3
k;2q because of the left-right symmetry

property of H2
k : As suggested by Remark 1, we zoom in on

the 2q � 2q H2
q -structural corners, and consider the fol-

lowing system of summations X
c
q;2q ¼ ðXc1

q;2q ;X
c2
q;2qÞ:

X
c1
q;2q ¼

X2q
x¼1

X2q
y¼1

�nðH2
q ;Gð1; 1; x; yÞÞ

(for lower(-left) corner),

ð¼
X2q
x¼1

X2q
y¼1

�nðH2
q ;Gðx; 1; 2q; yÞÞÞ

(for lower(-right) corner),

X
c2
q;2q ¼

X2q
x¼1

X2q
y¼1

�nðH2
q ;Gð1; y; x; 2qÞÞ

(for upper(-left) corner),

ð¼
X2q
x¼1

X2q
y¼1

�nðH2
q ;Gðx; y; 2q; 2qÞÞÞ

(for upper(-right) corner),

N
c

q;2q ¼
X2q
x¼1

X2q
y¼1

1

(for the number of rectangular subgrids in a 2q � 2q cornerÞ:

Thus far, we learn that the system of recurrences for Xk;2q

can be defined and solved via the prerequisite system Xc
k;2q ;

which is related to the system X
c
q;2q (see Lemma 3 below).

The system X
c
q;2q ; which involves subgrids (with both side-

lengths at most 2q) of a canonical H2
q ; represents the basis of

the recursive decompositions (in k to q) of Xk;2q and Xc
k;2q :

Similar to the reduction of Xk;2q to Xc
k;2q ; we develop a

system of recurrences (in q) for X
c
q;2q via a prerequisite

system, as demonstrated in the following example.

Consider a recursive decomposition of X
c1
q;2q ¼P2q

x¼1

P2q

y¼1 �nðH2
q ;Gð1; 1; x; yÞÞ into four parts, based upon

the overlapping scenario of the rectangular subgrid G
(1, 1, x, y) with the four quadrants of a canonical H2

q (see

Fig. 5):
Case 1: G(1, 1, x, y) is contained in Q1ðH2

q Þ (see Fig. 5a).
This part is reduced to X

c1
q�1;2q�1 after ð� p

2Þ-rotating and then
left-right reflecting Q1ðH2

q Þ into a canonical H2
q�1 and all

numbers of cuts on connecting edge ðQ1ðH2
q Þ;Q2ðH2

q ÞÞ that
are caused by the top (horizontal) side of G.

Case 2: G(1, 1, x, y) overlaps with exactly Q1ðH2
q Þ and

Q2ðH2
q Þ (see Fig. 5b). This part is reduced to X

c1
q�1;2q�1 and

all numbers of cuts on horizontal edge within Q1ðH2
q Þ and

on connecting edge ðQ2ðH2
q Þ;Q3ðH2

q ÞÞ that are caused by

the right (vertical) side of G.
Case 3: G(1, 1, x, y) overlaps with exactly Q1ðH2

q Þ and
Q4ðH2

q Þ (see Fig. 5d). This part is reduced to X
c2
q�1;2q�1 after

...........

...........

....

....

....

....

..

....

....

....

....

..

....................................................................

................................... .................................

....................................................................

.................................

....................................................................

(a) (b)

Ωc1
k−1,2q

ΩL
k−1,2q

ΩB
k−1,2q

ΩL
k,2q

Ωc4
k−1,2q

Fig. 3 a XL
k;2q for a canonical H2

k ; b its recursive decomposition

2q − 1

....................................................................

....................................................................

c3

c4c1

c2

Fig. 4 The four ð2q � 1Þ � ð2q � 1Þ corners of a canonical H2
k
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ðþ p
2Þ-rotating and then left-right reflecting Q4ðH2

q Þ into a

canonical H2
q�1 and all numbers of cuts on vertical edges

within Q1ðH2
q Þ and on connecting edges ðQ1ðH2

q Þ;Q2ðH2
q ÞÞ

and ðQ3ðH2
q Þ;Q4ðH2

q ÞÞ that are caused by the top (hori-

zontal) side of G.
Case 4: G(1, 1, x, y) overlaps with exactly all the

quadrants (see Fig. 5c). This part is reduced to X
c1
q�1;2q�1 and

all numbers of cuts on vertical edges within Q2ðH2
q Þ and

horizontal edges within Q4ðH2
q Þ that are caused by the top

(horizontal) and right (vertical), respectively, sides of G.

The recursive decompositions of X
c1
q;2q ; and X

c2
q;2q lead us

to consider a prerequisite system of summations Pq ¼
ðPv

q;P
h
qÞ in a general context of a canonical H2

q :

P
v
q ¼

X2q
y¼1

�nðH2
q ;Gð1; 1; 2q; yÞÞ

(number of vertical edges (edges cut by top (horizontal) sides

of G that covers lower part of H2
q ÞÞ;

P
h
q ¼

X2q
x¼1

�nðH2
q ;Gð1; 1; x; 2qÞÞ

(number of horizontal edges (edges cut by right (vertical) sides

of G that covers left part of H2
q ÞÞ:

We develop and solve a system of recurrences for Pq and
reverse the sequence of reductions to obtain the closed-form
solutions for Xk;2q ; which are summarized in the following
four lemmas.

Lemma 1 For a canonical H2
q ;

P
v
q ¼

2P
v
q�1 þ 2P

h
q�1 þ 2 if q[ 1;

2 if q ¼ 1;

(

P
h
q ¼

2P
v
q�1 þ 2P

h
q�1 þ 1 if q[ 1;

1 if q ¼ 1:

(

Proof For P
v
q; the number of edge cuts by top (horizontal)

sides of G can be computed from cuts within the four
quadrants and cuts on the two connecting edges
ðQ1ðH2

q Þ;Q2ðH2
q ÞÞ and ðQ3ðH2

q Þ;Q4ðH2
q ÞÞ:

P
v
q ¼

X2q
y¼1

�nðH2
q ;Gð1; 1; 2q; yÞÞ

¼
X2q�1

y¼1

�nðH2
q ;Gð1; 1; 2q; yÞÞ

(cuts on vertical edge within Q1ðH2
q Þ;Q4ðH2

q Þ
plus cuts on two connecting edges when x ¼ 2q�1Þ

þ
X2q

y¼2q�1þ1

�nðH2
q ;Gð1; 1; 2q; yÞÞ

(cuts on vertical edges within Q2ðH2
q Þ;Q3ðH2

q ÞÞ

¼ ð
X2q�1

y¼1

�nðQ1ðH2
q Þ;Gð1; 1; 2q�1; yÞÞ

(cuts on vertical edges within Q1ðH2
q ÞÞ

þ
X2q�1

y¼1

�nðQ4ðH2
q Þ;Gð2q�1 þ 1; 1; 2q; yÞÞ

(cuts on vertical edges within Q4ðH2
q ÞÞ

þ 2Þ
(cuts on connecting edges ðQ1ðH2

q Þ;Q2ðH2
q ÞÞ;

ðQ3ðH2
q Þ;Q4ðH2

q ÞÞ when x ¼ 2q�1Þ

þ ð
X2q

y¼2q�1þ1

�nðQ2ðH2
q Þ;Gð1; 2q�1 þ 1; 2q�1; yÞÞ

(cuts on vertical edges within Q2ðH2
q ÞÞ

(d)(c)(b)(a)

Fig. 5 Four overlapping scenarios when decomposing X
c1
q;2q in a canonical H2

q : a contained in Q1ðH2
q Þ; b and d overlapping with exactly two

quadrants; c overlapping with all quadrants
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þ
X2q

y¼2q�1þ1

�nðQ3ðH2
q Þ;Gð2q�1 þ 1; 2q�1 þ 1; 2q; yÞÞÞ

(cuts on vertical edges within Q3ðH2
q ÞÞ

¼ ð
X2q�1

x¼1

�nðH2
q�1;Gð1; 1; x; 2q�1ÞÞ

ðafter ð� p
2
Þ-rotating and left-right reflecting Q1ðH2

q Þ
into a canonical H2

q�1Þ

þ
X2q�1

x¼1

�nðH2
q�1;Gð1; 1; x; 2q�1ÞÞ

ðafter ðþ p
2
Þ-rotating and left-right reflecting Q4ðH2

q Þ
into a canonical H2

q�1Þ
þ 2Þ

þ ð
X2q�1

y¼1

�nðH2
q�1;Gð1; 1; 2q�1; yÞÞ

ðQ2ðH2
q Þ: a canonical H2

q�1Þ

þ
X2q�1

y¼1

�nðH2
q�1;Gð1; 1; 2q�1; yÞÞÞ

ðQ3ðH2
q Þ: a canonical H2

q�1Þ
¼ ðPh

q�1 þP
h
q�1 þ 2Þ þ ðPv

q�1 þP
v
q�1Þ

¼ 2P
v
q�1 þ 2P

h
q�1 þ 2:

The proof of P
h
q is similar to that of P

v
q: h

The closed-form solutions for Pq are employed to

establish a system of recurrences for X
c
q;2q :

Lemma 2 For a canonical H2
q ;

X
c1
q;2q ¼

3X
c1
q�1;2q�1 þX

c2
q�1;2q�1 þ 3 
 2q�1 
Pv

q�1 þ 2q�1 
Ph
q�1

þ3 
 2q�1 þ 1 if q[ 1;

4 if q ¼ 1;

8><
>:

X
c2
q;2q ¼

X
c1
q�1;2q�1 þ 3X

c2
q�1;2q�1 þ 2q�1 
Pv

q�1 þ 3 
 2q�1 
Ph
q�1

þ3 
 2q�1 þ 2 if q[ 1;

5 if q ¼ 1:

8><
>:

Proof As in Fig. 5 and the case discussion for Xc1
q;2q ; we can

split Xc1
q;2q into four parts. Thus,

X
c1
q;2q ¼

X2q
x¼1

X2q
y¼1

�nðH2
q ;Gð1; 1; x; yÞÞ

¼
X2q�1

x¼1

X2q�1

y¼1

�nðH2
q ;Gð1; 1; x; yÞÞ

ðFig. 5a)

þ
X2q�1

x¼1

X2q
y¼2q�1þ1

�nðH2
q ;Gð1; 1; x; yÞÞ

ðFig. 5bÞ

þ
X2q

x¼2q�1þ1

X2q
y¼2q�1þ1

�nðH2
q ;Gð1; 1; x; yÞÞ

ðFig. 5cÞ

þ
X2q

x¼2q�1þ1

X2q�1

y¼1

�nðH2
q ;Gð1; 1; x; yÞÞ

ðFig. 5dÞ

¼ ð
X2q�1

x¼1

X2q�1

y¼1

�nðQ1ðH2
q Þ;Gð1; 1; x; yÞÞ

(cuts within Q1ðH2
q ÞÞ

þ
X2q�1

x¼1

X2q�1

y¼2q�1

1Þ

(cuts on connecting edge ðQ1ðH2
q Þ;Q2ðH2

q ÞÞÞ

þ ð
X2q�1

x¼1

X2q
y¼2q�1þ1

�nðQ2ðH2
q Þ;Gð1; 2q�1 þ 1; x; yÞÞ

(cuts within Q2ðH2
q ÞÞ

þ
X2q�1

x¼1

X2q
y¼2q�1þ1

�nðQ1ðH2
q Þ;Gð1; 1; x; 2q�1ÞÞ

(cuts within Q1ðH2
q Þ by vertical side of GÞ

þ
X2q�1

x¼2q�1

X2q
y¼2q�1þ1

1Þ

(cuts on connecting edge ðQ2ðH2
q Þ;Q3ðH2

q ÞÞÞ
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þ ð
X2q

x¼2q�1þ1

X2q
y¼2q�1þ1

�nðQ3ðH2
q Þ;Gð2q�1 þ 1; 2q�1 þ 1; x; yÞÞ

(cuts within Q3ðH2
q ÞÞ

þ
X2q

x¼2q�1þ1

X2q�1

y¼1

�nðQ2ðH2
q Þ;Gð1; 2q�1 þ 1; 2q�1; yÞÞ

(cuts within Q2ðH2
q Þ by horizontal side of GÞ

þ
X2q

x¼2q�1þ1

X2q
y¼2q�1þ1

�nðQ4ðH2
q Þ;Gð2q�1 þ 1; 1; x; 2q�1ÞÞÞ

(cuts within Q4ðH2
q Þ by vertical side of GÞ

þ ð
X2q

x¼2q�1þ1

X2q�1

y¼1

�nðQ4ðH2
q Þ;Gð2q�1 þ 1; 1; x; yÞÞ

(cuts within Q4ðH2
q ÞÞ

þ
X2q

x¼2q�1þ1

X2q�1

y¼1

�nðQ1ðH2
q Þ;Gð1; 1; 2q�1; yÞÞ

(cuts within Q1ðH2
q Þ by horizontal side of GÞ

þ
X2q

x¼2q�1þ1

X2q�1

y¼2q�1

1

(cuts on connecting edge ðQ1ðH2
q Þ;Q2ðH2

q ÞÞÞ

þ
X2q
x¼2q

X2q�1

y¼2q�1

1Þ

(cuts on connecting edge ðQ3ðH2
q Þ;Q4ðH2

q ÞÞÞ

¼ ð
X2q�1

x¼1

X2q�1

y¼1

�nðH2
q�1;Gð1; 1; 2q�1; yÞÞ

ðafter ð� p
2
Þ-rotating (and left-right reflecting) Q1ðH2

q Þ
into a canonical H2

q�1Þ
þ ð2q�1ÞÞ

þ ð
X2q�1

x¼1

X2q�1

y¼1

�nðH2
q�1;Gð1; 1; x; yÞÞ

ðQ2ðH2
q Þ a canonical H2

q�1Þ

þ
X2q�1

x¼1

X2q�1

y¼1

�nðH2
q�1;Gð1; 1; 2q�1; yÞÞ

ðafter ð� p
2
Þ-rotating (and left-right reflecting) Q1ðH2

q Þ
into a canonical H2

q�1Þ
þ ð2q�1ÞÞ

þ ð
X2q�1

x¼1

X2q�1

y¼1

�nðH2
q�1;Gð1; 1; x; yÞÞ

ðQ3ðH2
q Þ a canonical H2

q�1Þ

þ
X2q�1

x¼1

X2q�1

y¼1

�nðH2
q�1;Gð1; 1; 2q�1; yÞÞ

ðQ2ðH2
q Þ: a canonical H2

q�1Þ

þ
X2q�1

x¼1

X2q�1

y¼1

�nðH2
q�1;Gð1; 1; 2q�1; yÞÞÞ

ðafter ðþ p
2
Þ-rotating (and left-right reflecting) Q4ðH2

q Þ
into a canonical H2

q�1Þ

þ ð
X2q�1

x¼1

X2q�1

y¼1

�nðH2
q�1;Gð1; 1; x; yÞÞ

ðafter ðþ p
2
Þ-rotating (and left-right reflecting) Q4ðH2

q Þ
into a canonical H2

q�1Þ

þ
X2q�1

x¼1

X2q�1

y¼1

�nðH2
q�1;Gð1; 1; x; 2q�1ÞÞ

ðafter ð� p
2
Þ-rotating (and left-right reflecting) Q1ðH2

q Þ
into a canonical H2

q�1Þ
þ ð2q�1Þ þ 1Þ

¼ ðXc1
q�1;2q�1 þ 2q�1Þ

þ ðXc1
q�1;2q�1 þP

v
q�1 
 2q�1 þ 2q�1Þ

þ ðXc1
q�1;2q�1 þP

v
q�1 
 2q�1 þP

v
q�1 
 2q�1Þ

þ ðXc2
q�1;2q�1 þP

h
q�1 
 2q�1 þ 2q�1 þ 1Þ

¼ 3X
c1
q�1;2q�1 þ X

c2
q�1;2q�1

þ 3 
 2q�1 
Pv
q�1 þ 2q�1 
Ph

q�1 þ 3 
 2q�1 þ 1:

The proof of X
c2
q;2q is similar to that of X

c1
q;2q : h

The closed-form solutions for X
c
q;2q and Pq are employed

to obtain exact formulas for Xc
k;2q :

Lemma 3 For a canonical H2
k structured as an H2

k�q-curve

interconnecting 22ðk�qÞ H2
q -subcurves,

Xc1
k;2q ¼X

c1
q;2q �P

h
q �P

v
q;

Xc2
k;2q ¼X

c2
q;2q �P

h
q �P

v
q:

Proof By the definition, we have:

Xc1
k;2q ¼

X2q�1

x¼1

X2q�1

y¼1

�nðH2
k ;Gð1; 1; x; yÞÞ

¼
X2q
x¼1

X2q�1

y¼1

�nðH2
k ;Gð1; 1; x; yÞÞ

�
X2q
x¼2q

X2q�1

y¼1

�nðH2
k ;Gð1; 1; x; yÞÞ
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¼ð
X2q
x¼1

X2q
y¼1

�nðH2
k ;Gð1; 1; x; yÞÞ

�
X2q
x¼1

X2q
y¼2q

�nðH2
k ;Gð1; 1; x; yÞÞÞ

� ð
X2q
x¼2q

X2q
y¼1

�nðH2
k ;Gð1; 1; x; yÞÞ

�
X2q
x¼2q

X2q
y¼2q

�nðH2
k ;Gð1; 1; x; yÞÞÞ

¼X
c1
q;2q �P

h
q �P

v
q:

The proof of Xc2
k;2q is similar to that of Xc1

k;2q : h

The exact formulas for Xc
k;2q are employed to establish a

system of recurrences for Xk;2q :

Lemma 4 For a canonical H2
k structured as an H2

k�q-curve

interconnecting 22ðk�qÞ H2
q -subcurves,

XL
k;2q ¼

XB
k�1;2q þ XL

k�1;2q þ 2Xc1
k�1;2q þ 2ð2q � 1Þ if k[ q;

P
h
q if k ¼ q;

(

XB
k;2q ¼

2XL
k�1;2q þ 2Xc2

k�1;2q if k[ q;

P
v
q if k ¼ q;

(

XT
k;2q ¼

2XT
k�1;2q þ 2Xc2

k�1;2q if k[ q;

P
v
q if k ¼ q:

(

Proof Similar to the proof of Lemma 3, from the definition,
we have (see Fig. 3):

XL
k;2q ¼

X2q�1

x¼1

X2k�2qþ1

y¼1

�nðH2
k ;Gð1; y; x; yþ 2q � 1ÞÞ

¼
X2q�1

x¼1

X2k�1�2qþ1

y¼1

�nðH2
k ;Gð1; y; x; yþ 2q � 1ÞÞ

ðG in Q1ðH2
k ÞÞ

þ
X2q�1

x¼1

X2k�1

y¼2k�1�2qþ2

�nðH2
k ;Gð1; y; x; yþ 2q � 1ÞÞ

ðG across Q1ðH2
k Þ;Q2ðH2

k ÞÞ

þ
X2q�1

x¼1

X2k�2qþ1

y¼2k�1þ1

�nðH2
k ;Gð1; y; x; yþ 2q � 1ÞÞ

ðG in Q2ðH2
k ÞÞ

¼ð
X2q�1

x¼1

X2k�1�2qþ1

y¼1

�nðQ1ðH2
k Þ;Gð1; y; x; yþ 2q � 1ÞÞ

(cuts within Q1ðH2
k ÞÞ

þ
X2q�1

x¼1

X2k�1�2qþ1

y¼2k�1�2qþ1

1Þ

(cuts on connecting edge ðQ1ðH2
q Þ;Q2ðH2

q ÞÞÞ

þ ð
X2q�1

x¼1

X2k�1

y¼2k�1�2qþ2

�nðQ1ðH2
k Þ;Gð1; y; x; 2k�1ÞÞ

ðzooming in Q1ðH2
k ÞÞ

þ
X2q�1

x¼1

X2k�1

y¼2k�1�2qþ2

�nðQ2ðH2
k Þ;Gð1; 2k�1 þ 1; x; yþ 2q � 1ÞÞÞ

ðzooming in Q2ðH2
k ÞÞ

þ ð
X2q�1

x¼1

X2k�2qþ1

y¼2k�1þ1

�nðQ2ðH2
k Þ;Gð1; y; x; yþ 2q � 1ÞÞ

(cuts within Q2ðH2
k ÞÞ

þ
X2q�1

x¼1

X2k�1þ1

y¼2k�1þ1

1Þ

(cuts on connecting edge ðQ1ðH2
q Þ;Q2ðH2

q ÞÞÞ

¼ð
X2k�1�2qþ1

x¼1

X2q�1

y¼1

�nðH2
k�1;Gðx; 1; xþ 2q � 1; yÞÞ

ðafter ð� p
2
Þ-rotating and left-right reflecting Q1ðH2

k Þ
into a canonical H2

k�1Þ
þ ð2q � 1ÞÞ

þ ð
X2k�1

x¼2k�1�2qþ2

X2q�1

y¼1

�nðH2
k�1;Gðx; 1; 2k�1; yÞÞ

ðafter ð� p
2
Þ-rotating and left-right reflecting Q1ðH2

k Þ
into a canonical H2

k�1Þ

þ
X2q�1

x¼1

X2q�1

y¼1

�nðH2
k�1;Gð1; 1; x; yÞÞÞ

ðQ2ðH2
k Þ: a canonical H2

k�1Þ

þ ð
X2q�1

x¼1

X2k�1�2qþ1

y¼1

�nðH2
k�1;Gð1; y; x; yþ 2q � 1ÞÞ

ðQ2ðH2
k Þ: a canonical H2

k�1Þ
þ ð2q � 1ÞÞ

¼ðXB
k�1;2q þ ð2q � 1ÞÞ

þ ðXc4
k�1;2q þ Xc1

k�1;2qÞ
ðXc1

k�1;2q ¼ Xc4
k�1;2qÞ

þ ðXL
k�1;2q þ ð2q � 1ÞÞ

¼XL
k�1;2q þ XB

k�1;2q þ 2Xc1
k�1;2q þ 2ð2q � 1Þ:

For XB
k�1;2q and XT

k�1;2q ; the proofs are similar to that of

XL
k;2q : h
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We obtain the closed-form solutions for Xk;2q by using
the mathematical software Maple.

Query Subgrids Overlapping with All Quadrants

For a 2q � 2q query subgrid G that overlaps four quadrants
around the center of H2

k ; when zooming in on the incom-
plete rectangular subgrid G \ G1 (with both side-lengths at
most 2q � 1), where G1 denotes the subspace of Q1ðH2

k Þ;
we reduce

P
allG\G1

�nðH2
k ;G \ G1Þ to Xc3

k�1;2qð¼ Xc2
k�1;2qÞ

after ð� p
2Þ-rotating and left-right reflecting Q1ðH2

k Þ into a

canonical H2
k�1: Similar consideration leads to reductions ofP

allG\G0 �nðH2
k ;G \ G0Þ to Xc4

k�1;2qð¼ Xc1
k�1;2qÞ; Xc1

k�1;2q and

Xc2
k�1;2q when G \ G0 denotes the subspace for G overlap-

ping Q2ðH2
k Þ; Q3ðH2

k Þ; or Q4ðH2
k Þ; respectively.

Thus, the summation of numbers of edge cuts for all
2q � 2q query subgrids G that overlap all four quadrants is:

2Xc2
k�1;2q þ 2Xc1

k�1;2q :

The Big Picture: Computing Eq(H2
kÞ

The results in the previous three subsections yield ek;qðH2
k Þ:

Hence, we have the following lemma for EqðH2
k Þ:

Lemma 5 For a canonical H2
k ; the recurrence for total

number of cuts on edges by all 2q � 2q subgrids G:

EqðH2
k Þ ¼

4EqðH2
k�1Þ þ ðXL

k�1;2q þ XB
k�1;2q þ ð2q � 1ÞÞ

þðXL
k�1;2q þ XL

k�1;2qÞ
þðXL

k�1;2q þ XB
k�1;2q þ ð2q � 1ÞÞ

þðXT
k�1;2q þ XT

k�1;2qÞ
þð2Xc1

k�1;2q þ 2Xc2
k�1;2qÞ if k[ q;

2 if k ¼ q:

8>>>>>>>>>>>><
>>>>>>>>>>>>:

Proof Similar to the proofs of Lemmas 1 to 4:
Case 1: G overlaps with exactly Q1ðH2

k Þ and Q2ðH2
k Þ:

This part is reduced to XR
k�1;2qð¼ XL

k�1;2qÞ (cuts on Q1ðH2
k Þ),

XB
k�1;2q (cuts on Q2ðH2

k Þ), and 2q � 1 cuts on the connecting

edge ðQ2ðH2
k Þ;Q3ðH2

k ÞÞ:
Case 2: G overlaps with exactly Q2ðH2

k Þ and Q3ðH2
k Þ:

This part is reduced to XR
k�1;2qð¼ XL

k�1;2qÞ (cuts on Q2ðH2
k Þ),

and XL
k�1;2q (cuts on Q3ðH2

k Þ).
Case 3: G overlaps with exactly Q3ðH2

k Þ and Q4ðH2
k Þ:

This part is reduced to XB
k�1;2q (cuts on Q3ðH2

k Þ), XL
k�1;2q

(cuts on Q4ðH2
k Þ), and 2q � 1 cuts on the connecting edge

ðQ2ðH2
k Þ;Q3ðH2

k ÞÞ:

Case 4: G overlaps with exactly Q1ðH2
k Þ and Q4ðH2

k Þ:
This part is reduced to XT

k�1;2q (cuts on Q1ðH2
k Þ), and

XT
k�1;2q (cuts on Q4ðH2

k Þ).
Case 5: G overlaps with exactly all four quadrants. This

part is reduced to Xc3
k�1;2qð¼ Xc2

k�1;2qÞ (cuts on Q1ðH2
k Þ),

Xc4
k�1;2qð¼ Xc1

k�1;2qÞ (cuts on Q2ðH2
k Þ), Xc1

k�1;2q (cuts on

Q3ðH2
k Þ), and Xc2

k�1;2q (cuts on Q4ðH2
k Þ).

Combining all the five cases, we complete the
recurrence.

For the case of k ¼ q; there are two cuts that are the edge
cut between entry grid point and other curve, and the edge
cut between exit grid point and other curve. h

Therefore, the exact formula for the summation of all
numbers of edge cuts over all identically shaped 2q � 2q

subgrids, EqðH2
k Þ; is:

EqðH2
k Þ ¼ 22kþqþ1 � 2kþ2qþ2 þ 2kþqþ1

þ 2k�qþ1 þ 23qþ1 � 22qþ1:

The summation of all numbers of clusters over all identi-
cally shaped 2q � 2q query subgrids of an H2

k -structural grid

space ½2k �2 is:

Sk;2qðH2
k Þ ¼

EqðH2
k Þ

2
:

The mean number of cluster within a subspace of size 2q �
2q for H2

k is:

Sk;2qðH2
k Þ

ð2k � 2q þ 1Þ2 ¼
EqðH2

k Þ
2ð2k � 2q þ 1Þ2 :

Thus, the exact formula for the mean number of cluster
within a subspace 2q � 2q for H2

k is consequently derived.

Theorem 1 The mean number of cluster over all identical
subspaces 2q � 2q for H2

k is:

22kþqþ1 � 2kþ2qþ2 þ 2kþqþ1 þ 2k�qþ1 þ 23qþ1 � 22qþ1

2ð2k � 2q þ 1Þ2 :

Clustering Statistics of 2-Dimensional
z-Order Curves

With respect to the canonical orientation of Z2
k shown in

Fig. 1e, we apply the same approach and notations as in
previous section to derive the exact formula for Sk;2qðZ2

k Þ;
which is the summation of all numbers of clusters over all
identically shaped 2q � 2q query subgrids of an Z2

k -struc-

tural grid space ½2k �2:
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Like the approach in previous section, we compute the
summation of all numbers of edge cuts over all identically
shaped 2q � 2q subgrids G by the recursive decomposition
of Z2

k :

EqðZ2
k Þ ¼ 4EqðZ2

k�1Þ þ ek;qðZ2
k Þ;

where ek;qðZ2
k Þ denotes the summation of all edge cuts over

all 2q � 2q query subgrids, each of which overlaps with
more than one quadrant (that is, two or four). These query
subgrids are contained in the boundary regions of neigh-
boring quadrants.

We set up the systems for EqðZ2
k Þ similar to that for

EqðH2
k Þ in previous section.

� �n(Z2k ;GÞ over Subgrids G Overlapping
with Two Quadrants

Consider an arbitrary 2q � 2q query subgrid G that exactly
overlaps two quadrant QiðZ2

k Þ and QjðZ2
k Þ; where ði; jÞ 2

fð1; 2Þ; ð1; 3Þ; ð2; 4Þ; ð3; 4Þg: The side-length is from 1 to
2q � 1 for the side across two quadrants. Since all the
quadrants are isomorphic to a canonical Z2

k�1; we consider

the following system of summations Xk;2q ¼
ðXL

k;2q ;X
R
k;2q ;X

B
k;2q ;X

T
k;2qÞ in a general context of a canonical

Z2
k :

XL
k;2q ¼

X2q�1

x¼1

X2k�2qþ1

y¼1

�nðZ2
k ;Gð1; y; x; yþ 2q � 1ÞÞ

(for left boundary; see Fig. 6a),

XR
k;2q ¼

X2k
x¼2k�2qþ2

X2k�2qþ1

y¼1

�nðZ2
k ;Gðx; y; 2k ; yþ 2q � 1ÞÞ

(for right boundary),

XB
k;2q ¼

X2k�2qþ1

x¼1

X2q�1

y¼1

�nðZ2
k ;Gðx; 1; xþ 2q � 1; yÞÞ

(for bottom boundary),

XT
k;2q ¼

X2k�2qþ1

x¼1

X2k
y¼2k�2qþ2

�nðZ2
k ;Gðx; y; xþ 2q � 1; 2kÞÞ

(for top boundary),

N
S
k;2q ¼

X2q�1

x¼1

X2k�2qþ1

y¼1

1

(for the number of rectangular subgrids

in a boundary for Xk;2qÞ:
We establish a system of recurrences (in k) for Xk;2q (see

Lemma 9 below). Note, XL
k;2q ¼ XR

k;2q and XB
k;2q ¼ XT

k;2q

because of the property of symmetry for Z2
k :

The recursive decompositions of all four parts in XL
k;2q ;

XR
k;2q ; XB

k;2q ; and XT
k;2q require a prerequisite system of

summations Xc
k;2q ¼ ðXc1

k;2q ;X
c2
k;2q ;X

c3
k;2q ;X

c4
k;2qÞ in a more

general context of a canonical Z2
k (see Fig. 7):

Xc1
k;2q ¼

X2q�1

x¼1

X2q�1

y¼1

�nðZ2
k ;Gð1; 1; x; yÞÞ

(for lower-left corner),

Xc2
k;2q ¼

X2q�1

x¼1

X2k
y¼2k�2qþ2

�nðZ2
k ;Gð1; y; x; 2kÞÞ

(for upper-left corner),

Xc3
k;2q ¼

X2k
x¼2k�2qþ2

X2q�1

y¼1

�nðZ2
k ;Gðx; 1; 2k ; yÞÞ

(for lower-right corner),

Xc4
k;2q ¼

X2k
x¼2k�2qþ2

X2k
y¼2k�2qþ2

�nðZ2
k ;Gðx; y; 2k ; 2kÞÞ

(for upper-right corner),

N
c
k;2q ¼

X2q�1

x¼1

X2q�1

y¼1

1

(for the number of incomplete rectangular

subgrids in a corner).

Note that Xc1
k;2q ¼ Xc4

k;2q and Xc2
k;2q ¼ Xc3

k;2q because of the

symmetry property of Z2
k : To compute Xc

k;2q ; we set up the

following system of summations X
c
q;2q ¼ ðXc1

q;2q ;X
c2
q;2qÞ:

X
c1
q;2q ¼

X2q
x¼1

X2q
y¼1

�nðZ2
q ;Gð1; 1; x; yÞÞ

(for lower-left corner),

ð¼
X2q
x¼1

X2q
y¼1

�nðZ2
q ;Gðx; y; 2q; 2qÞÞÞ

(for upper-right corner),

X
c2
q;2q ¼

X2q
x¼1

X2q
y¼1

�nðZ2
q ;Gð1; y; x; 2qÞÞ

(for upper-left corner),

ð¼
X2q
x¼1

X2q
y¼1

�nðZ2
q ;Gðx; 1; 2q; yÞÞÞ

(for lower-right corner),

N
c

q;2q ¼
X2q
x¼1

X2q
y¼1

1

(for the number of rectangular subgrids in a 2q � 2q

corner).
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Similar to the reduction of Xk;2q to Xc
k;2q ; we develop a

system of recurrences (in q) for X
c
q;2q via a prerequisite

system Pq ¼ ðPv
q;P

h
qÞ:

This prerequisite system of summations in a general
context of a canonical Z2

q :

P
v
q ¼

X2q
y¼1

�nðZ2
k ;Gð1; 1; 2q; yÞÞ

(number of edge cuts by horizontal lines),

P
h
q ¼

X2q
x¼1

�nðZ2
k ;Gð1; 1; x; 2qÞÞ

(number of edge cuts by vertical lines).

We develop and solve a system of recurrences for Pq and
reverse the sequence of reductions to obtain the closed-form
solutions for Xk;2q ; which are summarized in the following
four lemmas.

Lemma 6 For a canonical Z2
q ;

P
v
q ¼

4P
v
q�1 þ 2q þ 1 if q[ 1;

3 if q ¼ 1;

(

P
h
q ¼

4P
h
q�1 þ 2ð2q�1 � 1Þ þ 1 if q[ 1;

1 if q ¼ 1:

(

Proof The number of edges that are cut by horizontal lines
can be computed from the edge cuts within four quadrants
plus cuts on three connecting edges ðQ1ðZ2

q Þ;Q2ðZ2
q ÞÞ;

ðQ3ðZ2
qÞ;Q4ðZ2

qÞÞ; and ðQ2ðZ2
qÞ;Q3ðZ2

qÞÞ:

P
v
q ¼

X2q
y¼1

�nðZ2
q ;Gð1; 1; 2q; yÞÞ

¼
X2q�1

y¼1

�nðZ2
q ;Gð1; 1; 2q; yÞÞ

(cuts within Q1ðZ2
qÞ;Q3ðZ2

qÞ plus the cuts on connecting edges)

þ
X2q

y¼2q�1þ1

�nðZ2
q ;Gð1; 1; 2q; yÞÞ

(cuts within Q2ðZ2
q Þ;Q4ðZ2

q Þ plus the cuts on connecting edge)

¼ð
X2q�1

y¼1

�nðQ1ðZ2
qÞ;Gð1; 1; 2q�1; yÞÞ

(cuts within Q1ðZ2
qÞÞ

þ
X2q�1

y¼1

�nðQ3ðZ2
qÞ;Gð2q�1 þ 1; 1; 2q; yÞÞ

(cuts within Q3ðZ2
q ÞÞ

þ
X2q�1

y¼2q�1

1

(cuts on connecting edge ðQ1ðZ2
q Þ;Q2ðZ2

qÞÞÞ

þ
X2q�1

y¼1

1

(cuts on connecting edge ðQ2ðZ2
q Þ;Q3ðZ2

qÞÞÞ

þ
X2q�1

y¼2q�1

1Þ

(cuts on connecting edge ðQ3ðZ2
q Þ;Q4ðZ2

qÞÞÞ

þ ð
X2q

y¼2q�1þ1

�nðQ2ðZ2
qÞ;Gð1; 2q�1 þ 1; 2q�1; yÞÞ

(cuts within Q2ðZ2
qÞÞ

þ
X2q

y¼2q�1þ1

�nðQ4ðZ2
qÞ;Gð2q�1 þ 1; 2q�1 þ 1; 2q; yÞÞ

(cuts within Q4ðZ2
qÞÞ

þ
X2q�1

y¼2q�1þ1

1Þ

(cuts on connecting edges ðQ2ðZ2
q Þ;Q3ðZ2

q ÞÞÞ

¼ ð
X2q�1

y¼1

�nðZ2
q�1;Gð1; 1; 2q�1; yÞÞÞ

ðQ1ðZ2
qÞ: a canonical Z2

q�1Þ

þ ð
X2q�1

y¼1

�nðZ2
q�1;Gð1; 1; 2q�1; yÞÞ

ðQ3ðZ2
qÞ: a canonical Z2

q�1Þ
þ 1þ 2q�1 þ 1Þ

þ ð
X2q�1

y¼1

�nðZ2
q�1;Gð1; 1; 2q�1; yÞÞÞ

ðQ2ðZ2
qÞ: a canonical Z2

q�1Þ

þ ð
X2q�1

y¼1

�nðZ2
q�1;Gð1; 1; 2q�1; yÞÞ

ðQ4ðZ2
qÞ: a canonical Z2

q�1Þ
þ 2q�1 � 1Þ

¼P
v
q�1 þ ðPv

q�1 þ 2q�1 þ 2Þ þP
v
q�1 þ ðPv

q�1 þ 2q�1 � 1Þ
¼4P

v
q�1 þ 2q þ 1:

The proof of P
h
q is similar to that of P

v
q: h

The closed-form solutions for Pq are employed to

establish a system of recurrences for X
c
q;2q :

Lemma 7 For a canonical Z2
q ;
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X
c1
q;2q ¼ 4X

c1
q�1;2q�1 þ 2q 
Pv

q�1 þ 2q 
Ph
q�1 þ 22q � 2q þ 3 if q[ 1;

5 if q ¼ 1;

(

X
c2
q;2q ¼

4X
c2
q�1;2q�1 þ 2q 
Pv

q�1 þ 2q 
Ph
q�1 þ 22q þ 2q if q[ 1;

6 if q ¼ 1:

(

Proof As in Fig. 8 and the case discussion for Xc1
q;2q ; we can

split Xc1
q;2q into four parts:

X
c1
q;2q ¼

X2q
x¼1

X2q
y¼1

�nðZ2
q ;Gð1; 1; x; yÞÞ

¼
X2q�1

x¼1

X2q�1

y¼1

�nðZ2
q ;Gð1; 1; x; yÞÞ

ðFig. 8a)

þ
X2q�1

x¼1

X2q
y¼2q�1þ1

�nðZ2
q ;Gð1; 1; x; yÞÞ

ðFig. 8bÞ

þ
X2q

x¼2q�1þ1

X2q
y¼2q�1þ1

�nðZ2
q ;Gð1; 1; x; yÞÞ

ðFig. 8cÞ

þ
X2q

x¼2q�1þ1

X2q�1

y¼1

�nðZ2
q ;Gð1; 1; x; yÞÞ

ðFig. 8dÞ

¼ð
X2q�1

x¼1

X2q�1

y¼1

�nðQ1ðZ2
qÞ;Gð1; 1; x; yÞÞ

ðcuts within Q1ðZ2
qÞÞ

þ
X2q�1

x¼2q�1

X2q�1

y¼2q�1

1Þ

(cut on connecting edge ðQ1ðZ2
qÞ;Q2ðZ2

qÞÞÞ

þ ð
X2q�1

x¼1

X2q
y¼2q�1þ1

�nðQ2ðZ2
qÞ;Gð1; 1; x; yÞÞ

ðcuts within Q2ðZ2
qÞÞ

þ
X2q�1

x¼1

X2q
y¼2q�1þ1

�nðQ1ðZ2
qÞ;Gð1; 1; x; 2q�1ÞÞ

(cuts within Q1ðZ2
qÞ by vertical side of GÞ

þ
X2q�1�1

x¼1

X2q
y¼2q�1þ1

1

(cuts on connecting edge ðQ1ðZ2
qÞ;Q2ðZ2

qÞÞÞ

þ
X2q�1

x¼2q�1

X2q
y¼2q

1Þ

(cut on connecting edge ðQ2ðZ2
qÞ;Q3ðZ2

qÞÞÞ

þ ð
X2q

x¼2q�1þ1

X2q
y¼2q�1þ1

�nðQ4ðZ2
qÞ;Gð1; 1; x; yÞÞ

ðcuts within Q4ðZ2
q ÞÞ

þ
X2q

x¼2q�1þ1

X2q
y¼2q�1þ1

�nðQ2ðZ2
qÞ;Gð1; 1; 2q�1; yÞÞ

(cuts within Q2ðZ2
qÞ by horizontal side of GÞ

þ
X2q

x¼2q�1þ1

X2q
y¼2q�1þ1

�nðQ3ðZ2
qÞ;Gð1; 1; x; 2q�1ÞÞ

(cuts within Q3ðZ2
qÞ by vertical side of GÞ

þ
X2q

x¼2q�1þ1

X2q�1

y¼2q�1þ1

1

(cuts on connecting edge ðQ2ðZ2
q Þ;Q3ðZ2

qÞÞÞ

þ
X2q�1

x¼2q�1þ1

X2q
y¼2q�1þ1

1Þ

(cuts on connecting edge ðQ3ðZ2
q Þ;Q4ðZ2

qÞÞÞ

þ ð
X2q

x¼2q�1þ1

X2q�1

y¼1

�nðQ3ðZ2
qÞ;Gð1; 1; x; yÞÞ

ðcuts within Q3ðZ2
q ÞÞ

þ
X2q�1

x¼1

X2q
y¼2q�1þ1

�nðQ1ðZ2
qÞ;Gð1; 1; 2q�1; yÞÞ

(cuts within Q1ðZ2
qÞ by horizontal side of GÞ

þ
X2q�1

x¼1

X2q�1

y¼2q�1

1

(cuts on connecting edge ðQ1ðZ2
q Þ;Q2ðZ2

qÞÞÞ

þ
X2q�1

x¼1

X2q
y¼2q�1þ1

1

(cuts on connecting edge ðQ2ðZ2
q Þ;Q3ðZ2

qÞÞÞ

þ
X2q
x¼2q

X2q�1

y¼2q�1

1Þ

(cut on connecting edge ðQ3ðZ2
qÞ;Q4ðZ2

qÞÞÞ
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¼ð
X2q�1

x¼1

X2q�1

y¼1

�nðZ2
q�1;Gð1; 1; x; yÞÞ

ðQ1ðZ2
qÞ: a canonical Z2

q�1Þ
þ 1Þ

þ ð
X2q�1

x¼1

X2q�1

y¼1

�nðZ2
q�1;Gð1; 1; x; yÞÞ

ðQ2ðZ2
qÞ: a canonical Z2

q�1Þ

þ ð2q�1Þ
X2q�1

x¼1

�nðZ2
q ;Gð1; 1; x; 2q�1ÞÞ

ðQ1ðZ2
qÞ: a canonical Z2

q�1Þ
þ ð2q�1ð2q�1 � 1ÞÞ
þ 1Þ

þ ð
X2q�1

x¼1

X2q�1

y¼1

�nðZ2
q�1;Gð1; 1; x; yÞÞ

ðQ4ðZ2
qÞ: a canonical Z2

q�1Þ

þ ð2q�1Þ
X2q�1

y¼1

�nðZ2
q�1;Gð1; 1; 2q�1; yÞÞ

ðQ2ðZ2
qÞ: a canonical Z2

q�1Þ

þ ð2q�1Þ
X2q

x¼2q�1þ1

�nðZ2
q�1;Gð1; 1; x; 2q�1ÞÞ

ðQ3ðZ2
qÞ: a canonical Z2

q�1Þ
þ ð2q�1ð2q�1 � 1ÞÞ
þ ð2q�1ð2q�1 � 1ÞÞÞ

þ ð
X2q�1

x¼1

X2q�1

y¼1

�nðZ2
q�1;Gð1; 1; x; yÞÞ

ðQ3ðZ2
qÞ: a canonical Z2

q�1Þ

þ
X2q�1

x¼1

X2q�1

y¼1

�nðZ2
q�1;Gð1; 1; 2q�1; yÞÞ

ðQ1ðZ2
qÞ: a canonical Z2

q�1Þ
þ 2q�1 þ ð2q�1Þ2 þ 1Þ

¼ðXc1
q�1;2q�1 þ 1Þ

þ ðXc1
q�1;2q�1 þ 2q�1 
Ph

q�1 þ 2q�1ð2q�1 � 1Þ þ 1Þ
þ ðXc1

q�1;2q�1 þ 2q�1 
Pv
q�1 þ 2q�1 
Ph

q�1

þ 2q�1ð2q�1 � 1Þ þ 2q�1ð2q�1 � 1ÞÞ
þ ðXc1

q�1;2q�1 þ 2q�1 
Pv
q�1 þ 2q�1 þ ð2q�1Þ2 þ 1Þ

¼ 4X
c1
q�1;2q�1 þ 2q 
Pv

q�1 þ 2q 
Ph
q�1 þ 22q � 2q þ 3:

The proof for X
c2
q;2q is similar to that of X

c1
q;2q : h

The closed-form solutions for X
c
q;2q and Pq are employed

to obtain exact formulas for Xc
k;2q :

Lemma 8 For a canonical Z2
k structured as an Z2

k�q-curve

interconnecting 22ðk�qÞ Z2
q -subcurves,

Xc1
k;2q ¼X

c1
q;2q �P

h
q �P

v
q;

Xc2
k;2q ¼X

c2
q;2q �P

h
q �P

v
q:

Proof By the definition, we have:

Xc1
k;2q ¼

X2q�1

x¼1

X2q�1

y¼1

�nðZ2
k ;Gð1; 1; x; yÞÞ

¼
X2q
x¼1

X2q�1

y¼1

�nðZ2
k ;Gð1; 1; x; yÞÞ �

X2q
x¼2q

X2q�1

y¼1

�nðZ2
k ;Gð1; 1; x; yÞÞ

¼ð
X2q
x¼1

X2q
y¼1

�nðZ2
k ;Gð1; 1; x; yÞÞ �

X2q
x¼1

X2q
y¼2q

�nðZ2
k ;Gð1; 1; x; yÞÞÞ

� ð
X2q
x¼2q

X2q
y¼1

�nðZ2
k ;Gð1; 1; x; yÞÞ �

X2q
x¼2q

X2q
y¼2q

�nðZ2
k ;Gð1; 1; x; yÞÞÞ

¼X
c1
q;2q �P

h
q �P

v
q:

The proof of Xc2
k;2q is similar to that of Xc1

k;2q : h

The exact formulas for Xc
k;2q are employed to establish a

system of recurrences for Xk;2q :

Lemma 9 For a canonical Z2
k structured as an Z2

k�q-curve

interconnecting 22ðk�qÞ Z2
q -subcurves,

XL
k;2q ¼

2XL
k�1;2q þXc1

k�1;2q þXc2
k�1;2q þ ð2q � 1Þ2 þ ð2q � 1Þ if k[q;

P
h
q if k ¼ q;

8<
:

XB
k;2q ¼

2XB
k�1;2q þXc1

k�1;2q þXc2
k�1;2q þ ð2q � 1Þ2 þ ð2q � 1Þ if k[q;

P
v
q if k ¼ q:

(

Proof Similar to the proof of Lemma 8 and noting the
parallel of Lemmas 3 and 4 for Hilbert curves with Lem-
mas 8 and 9 for z-order curves, from the definition, we have
(see Fig. 6):

XL
k;2q ¼

X2q�1

x¼1

X2k�2qþ1

y¼1

�nðZ2
k ;Gð1; y; x; yþ 2q � 1ÞÞ

¼
X2q�1

x¼1

X2k�1�2qþ1

y¼1

�nðZ2
k ;Gð1; y; x; yþ 2q � 1ÞÞ

ðin Q1ðZ2
k ÞÞ
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þ
X2q�1

x¼1

X2k�1

y¼2k�1�2qþ2

�nðZ2
k ;Gð1; y; x; yþ 2q � 1ÞÞ

ðacross Q1ðZ2
k Þ;Q2ðZ2

k ÞÞ

þ
X2q�1

x¼1

X2k�2qþ1

y¼2k�1þ1

�nðZ2
k ;Gð1; y; x; yþ 2q � 1ÞÞ

ðin Q2ðZ2
k ÞÞ

¼ð
X2q�1

x¼1

X2k�1�2qþ1

y¼1

�nðQ1ðZ2
k Þ;Gð1; y; x; yþ 2q � 1ÞÞÞ

(cuts within Q1ðZ2
k ÞÞ

þ ð
X2q�1

x¼1

X2k�1

y¼2k�1�2qþ2

�nðQ1ðZ2
k Þ;Gð1; y; x; 2k�1ÞÞ

ðzooming in Q1ðZ2
k ÞÞ

þ
X2q�1

x¼1

X2k�1

y¼2k�1�2qþ2

�nðQ2ðZ2
k Þ;Gð1; 2k�1 þ 1; x; yþ 2q � 1ÞÞ

ðzooming in Q2ðZ2
k ÞÞ

þ
X2q�1

x¼1

X2k�1

y¼2k�1�2qþ2

1Þ

ðcuts on connecting edge ðQ1ðZ2
k Þ;Q2ðZ2

k ÞÞÞ

þ ð
X2q�1

x¼1

X2k�2qþ1

y¼2k�1þ1

�nðQ2ðZ2
k Þ;Gð1; y; x; yþ 2q � 1ÞÞ

ðcuts within Q2ðZ2
k ÞÞ

þ
X2q�1�1

x¼1

X2k�1þ1

y¼2k�1þ1

1Þ

ðcuts on connecting edge ðQ1ðZ2
k Þ;Q2ðZ2

k ÞÞÞ

¼ð
X2q�1

x¼1

X2k�1�2qþ1

y¼1

�nðZ2
k�1;Gð1; y; x; yþ 2q � 1ÞÞÞ

ðQ1ðZ2
k Þ: a canonical Z2

k�1Þ

þ ð
X2q�1

x¼1

X2k�1

y¼2k�1�2qþ2

�nðZ2
k�1;Gð1; y; x; 2k�1ÞÞ

ðQ1ðZ2
k Þ: a canonical Z2

k�1Þ

þ
X2q�1

x¼1

X2q�1

y¼1

�nðZ2
k�1;Gð1; 1; x; yÞÞ

ðQ2ðZ2
k Þ: a canonical Z2

k�1Þ
þ ð2q � 1Þ2Þ

þ ð
X2q�1

x¼1

X2k�1�2qþ1

y¼1

�nðZ2
k�1;Gð1; y; x; yþ 2q � 1ÞÞ

ðQ2ðZ2
k Þ: a canonical Z2

k�1Þ
þ ð2q � 1ÞÞ

¼XL
k�1;2q

þ ðXc1
k�1;2q þ Xc2

k�1;2q þ ð2q � 1Þ2Þ
þ ðXL

k�1;2q þ ð2q � 1ÞÞ
¼2XL

k�1;2q þ Xc1
k�1;2q þ Xc2

k�1;2q þ ð2q � 1Þ2 þ ð2q � 1Þ:

For XB
k�1;2q ; the proof is similar to that of XL

k;2q : h

We obtain the closed-form solutions for Xk;2q by using
the mathematical software Maple.

Query Subgrids Overlapping with All Quadrants

For a 2q � 2q query subgrid G that overlaps four quadrants
around the center of Z2

k ; when zooming in on the incomplete
rectangular subgrid G \ G1; where G1 denotes the subspace
of Q1ðZ2

k Þ (with both side-lengths at most 2q � 1), we

reduce
P

all G\G1
�nðZ2

k ;G \ G1Þ to Xc4
k�1;2qð¼ Xc1

k�1;2qÞ:
Similar consideration leads to a reduction ofP

allG\G0 �nðZ2
k ;G \ G0Þ to Xc3

k�1;2qð¼ Xc2
k�1;2qÞ; Xc2

k�1;2q and

Xc1
k�1;2q when G \ G0 denotes the subspace for G overlap-

ping Q2ðZ2
k Þ; Q3ðZ2

k Þ; or Q3ðZ2
k Þ; respectively.

Thus, the summation of numbers of edge cuts for all
identically shaped 2q � 2q query subgrids G that overlap all
four quadrants is:

2Xc2
k�1;2q þ 2Xc1

k�1;2q :

The Big Picture: Computing Eq(Z2k Þ

The results in the previous three subsections yield ek;qðZ2
k Þ:

Hence, we have the following lemma for EqðZ2
k Þ:

...........

...........

....

....

....

....

..

....

....

....

....

..

....................................................................

................................... .................................

....................................................................

.................................

....................................................................

(a)                 (b)

Ωc1
k−1,2q

ΩL
k−1,2q

ΩL
k−1,2q

ΩL
k,2q

Ωc2
k−1,2q

Fig. 6 a XL
k;2q for a canonical Z2

k ; b its recursive decomposition

......................................................................................................................................

......................................................................................................................................c1

c2

c3

c4
Fig. 7 The four ð2q � 1Þ �
ð2q � 1Þ corners of a canonical
Z2
k
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Lemma 10 For a canonical Z2
k ; the recurrence for total

number of cuts on edges by all identically shaped 2q � 2q

subgrids G:

EqðZ2
k Þ ¼

4EqðZ2
k�1Þ þ 2ðXB

k�1;2q þ XB
k�1;2q þ 2ð2q � 1ÞÞ

þ2ðXL
k�1;2q þ XL

k�1;2q þ 2ð2q � 1ÞÞ
þð2Xc1

k�1;2q þ 2Xc2
k�1;2q þ 2ð2q � 1Þ2Þ if k[ qþ 1;

4EqðZ2
k�1Þ þ 2ðXB

k�1;2q þ XB
k�1;2qÞ

þ2ðXL
k�1;2q þ XL

k�1;2q þ 2ð2q � 1ÞÞ
þð2Xc1

k�1;2q þ 2Xc2
k�1;2q þ 2ð2q � 1Þ2Þ if k ¼ qþ 1;

2 if k ¼ q:

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

Proof For k[ qþ 1; the proof is similar to the proof of
Lemma 5:

Case 1: G overlaps with exactly Q1ðZ2
k Þ and Q2ðZ2

k Þ:
This part is reduced to XT

k�1;2qð¼ XB
k�1;2qÞ (cuts on Q1ðZ2

k Þ),
XB

k�1;2q (cuts on Q2ðZ2
k Þ), 2ð2q � 1Þ cuts on the connecting

edge ðQ1ðZ2
k Þ;Q2ðZ2

k ÞÞ when subgrids G align left-most and
right-most side of these two quadrants.

Case 2: G overlaps with exactly Q2ðZ2
k Þ and Q4ðZ2

k Þ:
This part is reduced to XR

k�1;2qð¼ XL
k�1;2qÞ (cuts on Q2ðZ2

k Þ),
XL

k�1;2q (cuts on Q4ðZ2
k Þ), ð2q � 1Þ cuts on the connecting

edge ðQ2ðZ2
k Þ;Q3ðZ2

k ÞÞ when subgrids G align top-most side
of these two quadrants, and ð2q � 1Þ cuts on the connecting
edge ðQ3ðZ2

k Þ;Q4ðZ2
k ÞÞ when subgrids G align bottom-most

side of these two quadrants.
Case 3: G overlaps with exactly Q3ðZ2

k Þ and Q4ðZ2
k Þ:

This part is reduced to XT
k�1;2qð¼ XB

k�1;2qÞ (cuts on Q3ðZ2
k Þ),

XB
k�1;2q (cuts on Q4ðZ2

k Þ), and 2ð2q � 1Þ cuts on the

connecting edge ðQ3ðZ2
k Þ;Q4ðZ2

k ÞÞ when subgrids G align
left-most and right-most side of these two quadrants.

Case 4: G overlaps with exactly Q1ðZ2
k Þ and Q3ðZ2

k Þ:
This part is reduced to XR

k�1;2qð¼ XL
k�1;2qÞ (cuts on Q1ðZ2

k Þ),
XL

k�1;2q (cuts on Q3ðZ2
k Þ), ð2q � 1Þ cuts on the connecting

edge ðQ2ðZ2
k Þ;Q3ðZ2

k ÞÞ when subgrids G align bottom-most
side of these two quadrants, and ð2q � 1Þ cuts on the
connecting edge ðQ1ðZ2

k Þ;Q2ðZ2
k ÞÞ when subgrids G align

top-most side of these two quadrants.
Case 5: G overlaps with exactly all four quadrants. This

part is reduced to Xc4
k�1;2qð¼ Xc1

k�1;2qÞ (cuts on Q1ðZ2
k Þ),

Xc3
k�1;2qð¼ Xc2

k�1;2qÞ (cuts on Q2ðZ2
k Þ), Xc2

k�1;2q (cuts on

Q3ðZ2
k Þ), Xc1

k�1;2q (cuts on Q4ðZ2
k Þ), and 2ð2q � 1Þ2 cuts on

the connecting edges ðQ1ðZ2
k Þ;Q2ðZ2

k ÞÞ and

ðQ3ðZ2
k Þ;Q4ðZ2

k ÞÞ:
Combining all the five cases, we complete the recurrence

for k[ qþ 1:
For k ¼ qþ 1; there are no cuts on connecting edges in

Cases 1 and 3 because the connecting edges are inside of all
the subspaces that are across exactly two quadrants (first
and second, or third and fourth quadrants).

For the case of k ¼ q; there are two cuts that are the edge
cut between entry grid point and other curve, and the edge
cut between exit grid point and other curve. h

The exact formula for the summation of all numbers of
edge cuts over all identically shaped 2q � 2q subgrids,
EqðZ2

k Þ; is:
EqðZ2

k Þ ¼ 22kþqþ2 � 22kþ2 þ 3 
 22k�q � 22k�2q

� 2kþ2qþ3 þ 3 
 2kþqþ2

� 2kþ3 þ 2k�qþ2 þ 23qþ2 � 22qþ3 þ 2qþ2:

The summation of all numbers of clusters over all identi-
cally shaped 2q � 2q query subgrids of an Z2

k -structural grid

space ½2k �2 is:

(d)(c)(b)(a)

Fig. 8 Four overlapping scenarios when decomposing X
c1
q;2q in a canonical Z2

q : a contained in Q1ðZ2
q Þ; b and d overlapping with exactly two

quadrants; c overlapping with all quadrants
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Sk;2qðZ2
k Þ ¼

EqðZ2
k Þ

2
:

The mean number of cluster within a subspace 2q � 2q is:

Sk;2qðZ2
k Þ

ð2k � 2q þ 1Þ2 ¼
EqðZ2

k Þ
2ð2k � 2q þ 1Þ2 :

Thus, the exact formula for the mean number of cluster
within a subspace 2q � 2q for Z2

k is corollarily derived.

Theorem 2 The mean number of cluster over all identical
subspaces 2q � 2q for Z2

k is:

ð22kþqþ2 � 22kþ2 þ 3 
 22k�q þ 22k�2q

� 2kþ2qþ3 þ 3 
 2kþqþ2 þ 2kþ3

þ 2k�qþ2 þ 23qþ2 þ 22qþ3 þ 2qþ2Þ=ð2ð2k � 2q þ 1Þ2Þ:

Comparisons and Validation

For a space-filling curve Ck indexing the grid space ½2k �2;
denote by Sk;qðCkÞ the mean number of clusters over all
2q � 2q subgrids of the Ck-structural grid space.

The exact formulas for EqðH2
k Þ and EqðZ2

k Þ give the exact
formulas for Sk;2qðH2

k Þ and Sk;2qðZ2
k Þ: We simplify the exact

results asymptotically as follows. For sufficiently large k
and q with k � q (typical scenario for range queries),

Sk;2qðZ2
k Þ

Sk;2qðH2
k Þ

¼ EqðZ2
k Þ

EqðH2
k Þ

� 2

With respect to the Sk;q-statistics, the Hilbert curve family
clearly performs better than the z-order curve family over
the considered ranges for k and q.

Conclusion

The analytical study of the clustering performances of 2-
dimensional order-k Hilbert and z-order curve families are
based upon the clustering statistics Sk;2q—mean number of
clusters over all 2q � 2q identically shaped subgrids,
respectively. By taking advantage of self-similar properties
of Hilbert and z-order curve, we derive their exact formulas
for Sk;2q :

Our two exact analytical results yield the followings:
(1) a comparison of relative performances of Hilbert and z-
order curve families with respect to the clustering measure:
when the grid-order is sufficiently larger than the subgrid-
order (typical scenario for most applications), that is, for
sufficiently large k and q with k � q; Hilbert curve family

performs significantly better than z-order curve family with
respect to Sk;2q ; and (2) good agreements with asymptotic
analyses of continuous space-filling curves [20, 26] and of
(non-continuous) z-order curve [26] in the literature.
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